In this paper, we employ the complex method to first obtain all meromorphic exact solutions of complex Petviashvili equation, and then find all exact solutions of Petviashvili equation. The idea introduced in this paper can be applied to other non-linear evolution equations. Our results show that the complex method is simpler than other methods. Finally, we give some computer simulations to illustrate our main results. MSC: Primary 30D35; secondary 34A05
Introduction and main results
In  and , Zhang et al. [, ] obtained abundant exact solutions of the Petviashvili equation by using the modified mapping method and the availability of symbolic computation. These solutions include the Jacobi elliptic function solutions, triangular function solutions, and soliton solutions. In this paper, we employ the complex method to obtain first all traveling meromorphic exact solutions of complex Petviashvili equation, and then find all exact solutions of the Petviashvili equation.
In order to state our main result, we need some concepts and some notation. A meromorphic function w(z) means that w(z) is holomorphic in the complex plane C except for poles. α, b, c, c i , and c ij are constants, which may be different from each other in different places. We say that a meromorphic function f belongs to the class W if f is an elliptic function, or a rational function of e αz (α ∈ C), or a rational function of z.
The Petviashvili equation [, ] is
where Substituting the traveling wave transformation φ = w(z), z = kx + ly -ωt into the Petviashvili equation gives a non-linear ordinary differential equation
and integrating it yields the auxiliary ordinary differential equation
where ω, k, l, C R are constants. Our main result is Theorem . 
Theorem  Equation () is integrable if and only if dkC
(III) The rational function solutions are
Preliminary lemmas and the complex method
In order to explain our complex method and give the proof of Theorem , we need some lemmas and results. 
belongs to W , where P i (w) are polynomials in w with constant coefficients.
) is defined as follows:
where a r are constants, and I is a finite index set. The total degree of P(w, w , . . . ,
We will consider the following complex ordinary differential equations:
where b = , c are constants, n ∈ N.
Definition  Let p, q ∈ N. Suppose that Eq. () has a meromorphic solution w with at least one pole; then we say that Eq. () satisfies the weak p, q condition if substituting the Laurent series
into Eq. () we can determine p distinct Laurent singular parts in the form below: 
where c -ij are given by Eq. 
with l (≤ p) distinct poles of multiplicity q. Each simply periodic solution is a rational function R(ξ ) of ξ = e αz (α ∈ C). R(ξ ) has l (≤ p) distinct poles of multiplicity q, and it is of the form
(   )
In order to give the representations of the elliptic solutions, we need some notation and results concerning the elliptic function [] .
Let ω  , ω  be two given complex numbers such that Im 
where g  = s  , g  = s  and (g  , g  ) = . On changing Eq. () to the form
we have e  = ℘(ω  ), e  = ℘(ω  ), e  = ℘(ω  + ω  ). Inversely, given two complex numbers g  and g  such that (g  , g  ) = , there exists a Weierstrass elliptic function ℘(z) with double periods ω  , ω  such that the above holds. 
Lemma  [, ] The Weierstrass elliptic functions ℘(z)
The addition formula holds according to
By the above lemmas, we can give a new method below, called, say, the complex method, to find exact solutions of some PDEs.
Step .
Substituting the transform T : u(x, y, t) → w(z), (x, y, t) → z into a given PDE gives a non-linear ordinary differential equation () or (). Step . Substitute Eq. () into Eq. () or () to determine whether the weak p, q condition holds.
Step . By the indeterminate relations ()-() we find the elliptic, rational, and simply periodic solutions w(z) of Eq. () or () with pole at z = , respectively. Step . By Lemmas  and  we obtain all meromorphic solutions w(z -z  ).
Step . Substituting the inverse transform T - into these meromorphic solutions w(z -z  ), we get all exact solutions u(x, t) of the originally given PDE.
Proof of Theorem 1
, c  = , c  is arbitrary. Hence, Eq. () satisfies the weak ,  condition and is a second-order Briot-Bouquet differential equation. Obviously, Eq. () satisfies the dominant condition. So, by Lemma , we know that all meromorphic solutions of Eq. () belong to W . Now we will give the forms of all meromorphic solutions of Eq. ().
By Eq. (), we infer that the indeterminate rational solutions of Eq. () with pole at z =  have the form of
Substituting R  (z) into Eq. (), we get
Here dkC R = (ω + kC R )  . Thus for all rational solutions of Eq. ()
where
In order to have simply periodic solutions, set ξ = e αz , put w = R(ξ ) into Eq. (); then
Here
Substituting ξ = e αz into the above relation, and then we get simply periodic solutions of Eq. () with pole at z = :
So all simply periodic solutions of Eq. () are obtained by
From Eq. () of Lemma , we have indeterminate relations of the elliptic solutions of Eq. () with pole at z = ,
Putting w d (z) into Eq. (), we obtain
Here dkC R = -ω
Therefore, for all elliptic solutions of Eq. () where z  ∈ C. Making use of the addition formula of Lemma , we rewrite it in the form
and E are arbitrary.
Computer simulations for new solutions
In this section, we give some computer simulations to illustrate our main results. Here we take the new rational solutions w R (z) and simply periodic solutions 
Conclusions
The complex method is a very important tool in finding the traveling wave exact solutions of non-linear evolution equations such as the Petviashvili equation. In this paper, we employ the complex method to obtain all meromorphic exact solutions of the complex variant Eq. (); then we find all traveling wave exact solutions of the Petviashvili equation. The idea introduced in this paper can be applied to other non-linear evolution equations. Our result shows that the complex method is simpler than other methods.
